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GENUS ZERO GOPAKUMAR-VAFA TYPE INVARIANTS FOR
CALABI-YAU 4-FOLDS II: FANO 3-FOLDS
YALONG CAO
Abstract. In analogy with the Gopakumar-Vafa (GV) conjecture on Calabi-Yau (CY) 3-
folds, Klemm and Pandharipande defined GV type invariants on Calabi-Yau 4-folds using
Gromov-Witten theory and conjectured their integrality. In a joint work with Maulik and
Toda, the author conjectured their genus zero invariants are DT4 invariants of one dimensional
stable sheaves. In this paper, we study this conjecture on the total space of canonical bundle
of a Fano 3-fold Y , which reduces to a relation between twisted GW and DT3 invariants on
Y . Examples are computed for both compact and non-compact Fano 3-folds to support our
conjecture.
MSC 2010: 14N35, 14J32, 14J45
0. Introduction
0.1. GV/DT4 conjecture on CY 4-folds. Gromov-Witten invariants are rational numbers
which virtually count stable maps from complex curves to algebraic varieties (or symplectic
manifolds). Because of multiple-cover contributions, they are in general not integers and hence
are not honest enumerative invariants. On Calabi-Yau 3-folds, Gopakumar-Vafa [8] conjectured
the existence of integral invariants which determine Gromov-Witten invariants. In [13], Klemm-
Pandharipande proposed a parallel conjecture on Calabi-Yau 4-folds.
More specifically, let X be a smooth projective Calabi-Yau 4-fold, fix β ∈ H2(X,Z) and n > 0.
For integral classes γi ∈ Hmi(X,Z), 1 6 i 6 n, one defines genus zero GW invariants
GW0,β(X)(γ1, . . . , γn) :=
∫
[M0,n(X,β)]vir
n∏
i=1
ev∗i (γi),
where evi : M0,n(X, β)→ X is the i-th evaluation map.
The Gopakumar-Vafa type invariants
n0,β(X)(γ1, . . . , γn) ∈ Q
are defined in terms of the identity
∑
β>0
GW0,β(X)(γ1, . . . , γn) q
β =
∑
β>0
n0,β(X)(γ1, . . . , γn)
∞∑
d=1
dn−3 qdβ ,
and conjectured to be integers [13].
In [5], Cao-Maulik-Toda gave a sheaf-theoretic interpretation of the above GV type invariants
in terms of Donaldson-Thomas invariants on CY 4-folds (called DT4 invariants) introduced by
Cao-Leung [3] and Borisov-Joyce [1]. More specifically, we consider the moduli scheme MX,β of
one dimensional stable sheaves on X with Chern character (0, 0, 0, β, 1). By the results of [3, 1],
and the recent orientability result [2], there exists a DT4 virtual class
[MX,β ]
vir ∈ H2(MX,β ,Z),
which depends on the choice of an orientation, i.e. on each connected component of MX,β , there
are two choices of orientations, which affect the corresponding contribution to the virtual class
by a sign (for each connected component).
Since the virtual dimension is not zero, we require insertions to define invariants. Let
τ : Hm(X)→ Hm−2(MX,β), τ(γ) := πM∗(π
∗
Xγ ∪ ch3(E)),
where πX , πM are projections fromX×MX,β to corresponding factors, and ch3(E) is the Poincare´
dual of the fundamental cycle of the universal sheaf E .
For γi ∈ Hmi(X,Z) with 1 6 i 6 n, the DT4 invariant is defined by
DT4(X)(β | γ1, . . . , γn) :=
∫
[MX,β ]vir
n∏
i=1
τ(γi).
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Conjecture 0.1. ([5, Conjecture 1.3]) For a suitable choice of orientation, we have the identity
n0,β(X)(γ1, . . . , γn) = DT4(X)(β | γ1, . . . , γn),
i.e. we have a multiple cover formula
GW0,β(X)(γ1, . . . , γn) =
∑
k|β
1
k3−n
·DT4(X)(β/k | γ1, . . . , γn).
In [5], the authors did not specify how to choose the orientation in order to match invariants.
They checked Conjecture 0.1 in examples, where the corresponding orientation is chosen through
case by case study.
0.2. GV/DT4 conjecture on Fano 3-folds. In this paper, we study Conjecture 0.1 when
X = KY is the total space of the canonical bundle of a Fano 3-fold Y . Although X is no longer
compact, the moduli scheme MX,β of one dimensional stable sheaves is compact. In fact, by the
negativity of KY , the zero section map ι : Y →֒ X induces an isomorphism
ι∗ :MY,β ∼=MX,β
between moduli schemes of one dimensional stable sheaves E’s with [E] = β and χ(E) = 1 on
Y and X respectively.
Then the DT4 virtual class of MX,β reduces to the DT3 virtual class of MY,β (ref. [3]). As
for insertions, let
τ : Hm(Y )→ Hm−2(MY,β), τ(γ) = πM∗(π
∗
Y γ ∪ ch2(E)),
where πY , πM are projections from Y ×MY,β to corresponding factors, and ch2(E) is the Poincare´
dual of the fundamental cycle of the universal sheaf E over MY,β × Y .
For γi ∈ Hmi(Y,Z), 1 6 i 6 n, the twisted DT3 invariant is defined by
(0.1) DTtwist3 (Y )(β | γ1, . . . , γn) := (−1)
c1(Y )·β−1 ·
∫
[MY,β ]vir
n∏
i=1
τ(γi) ∈ Z,
where [MY,β]
vir ∈ H2(MY,β,Z) is the DT3 virtual class [15].
As for GW invariants, one can identify GW invariants of X with the so-called twisted GW
invariants of Y . For γi ∈ H
mi(Y,Z), 1 6 i 6 n, and the rank
( ∫
β c1(Y )− 1
)
vector bundle
(0.2) −Rπ∗f
∗KY ∈ K(M0,n(Y, β)),
where π : C →M0,n(X, β) is the universal curve and f : C → Y is the universal map, one defines
(0.3) GWtwist0,β (Y )(γ1, . . . , γn) :=
∫
[M0,n(Y,β)]vir
e(−Rπ∗f
∗KY ) ∪
n∏
i=1
ev∗i (γi) ∈ Q,
where evi : M0,n(Y, β)→ Y is the i-th evaluation map.
Then Conjecture 0.1 can be rephrased completely on Y .
Conjecture 0.2. (Conjecture 1.2) Let Y be a smooth Fano 3-fold. Then we have
GWtwist0,β (Y )(γ1, . . . , γn) =
∑
k|β
1
k3−n
·DTtwist3 (Y )(β/k | γ1, . . . , γn).
Remarkably, when restricting to local CY 4-fold KY , we conjecture the ambiguity in choosing
the right orientation in Conjecture 0.1 can be fixed by introducing twisted DT3 invariants.
In Section 1.3, we give a heuristic explanation of why the sign (−1)c1(Y )·β−1 in twisted DT3
invariants should give the correct orientation for matching with twisted GW invariants. We also
compute examples and check Conjecture 0.2 in those cases.
0.3. Verifications of Conjecture 0.2: compact examples. For compact Fano 3-folds, we
check Conjecture 0.2 in the following examples.
For the line class on Fano hypersurfaces in P4, we have
Proposition 0.3. (Proposition 2.1) Let Yd ⊆ P4 be a smooth hypersurface of degree d 6 4.
Then Conjecture 0.2 is true for the line class β = [l] ∈ H2(Yd,Z).
For multiple fiber classes for P1-bundles, we have
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Proposition 0.4. (Proposition 2.3) Let S be a del-Pezzo surface, Y = S × P1 be the product.
Then Conjecture 0.2 is true for β = n · [P1] with n > 1.
When Y = S×P1 is the product of a del-Pezzo surface S with P1 and β ∈ H2(S,Z) ⊆ H2(Y,Z),
we can identify twisted DT3 (resp. GW) invariants with DT3 (resp. GW) invariants of a non-
compact Calabi-Yau 3-fold KS up to multiplying some constant.
Proposition 0.5. (Proposition 2.5) In the above setting, we have:
(1) If γ = (γ1, d) ∈ H2(S)⊗H2(P1) ⊆ H4(Y ), then
DTtwist3 (Y )(β | γ) = d (β · γ1) ·DT3(KS)(β),
GWtwist0,β (Y )(γ) = d (β · γ1) ·GW0,β(KS).
(2) If γ ∈ H4(S) ⊆ H4(Y ), then
DTtwist3 (Y )(β | γ) = GW
twist
0,β (Y )(γ) = 0.
Then Conjecture 0.2 is equivalent to Katz’s conjecture [11] (see Conjecture 2.6). In particular,
by [5, Corollary A.7.], we obtain
Theorem 0.6. (Theorem 2.8) Let S be a toric del-Pezzo surface and Y = S×P1 be the product.
Then Conjecture 0.2 is true for β ∈ H2(S,Z) ⊆ H2(Y,Z).
0.4. Verifications of Conjecture 0.2: non-compact examples. Let Y = TotS(L)→ S be
the total space of a negative line bundle L over a del-Pezzo surface S, and i : S → Y be the
zero section. Although Y is non-compact, MY,β is compact and has a well-defined virtual class
as the push-forward morphism
i∗ :MS,β →MY,β
is an isomorphism between moduli schemes of one dimensional stable sheaves on S and Y re-
spectively. The virtual class of MY,β is the Euler class of a vector bundle over MS,β and we can
conclude the following symmetric property of twisted DT3 invariants.
Proposition 0.7. (Proposition 3.2, Corollary 3.3) Let S be a del-Pezzo surface and Y1 =
TotS(L), Y2 = TotS(L
−1⊗KS) be the total space of ample line bundles L−1, L⊗K
−1
S respectively
on S. Then we have
DTtwist3 (Y1)(β | [pt]) = DT
twist
3 (Y2)(β | [pt]).
In particular, Conjecture 1.2 is true for Y1 if and only if it is true for Y2.
Combining with previous computations [5, Sect. 3.2], we obtain
Proposition 0.8. (Proposition 3.4) Let Y = OP2(−1) or OP2(−2) and β = d[l] ∈ H2(P
2,Z) be
the degree d class. Then Conjecture 1.2 is true when d 6 3.
Let Y = TotP1
(
OP1(l1)⊕OP1(l2)
)
be the total space of a rank two bundle over P1 with Fano
condition l1 + l2 > −1 and T ∼= (C∗)2 be a torus acting on the fibers. The moduli scheme MY,d
of one dimensional stable sheaves F ’s with [F ] = d [P1] ∈ Z[P1] and χ(F ) = 1 is non-compact
with compact T -fixed locus. We may define its twisted equivariant DT3 invariants by virtual
localization formula [9].
Definition 0.9. (Definition 3.7) The equivariant twisted DT3 invariant of MY,d is
DTtwist3 (Y )(d) := (−1)
d(l1+l2)−1
∫
[MTY,d]
vir
eT (N
vir) ∈ Q(λ1, λ2),
where Nvir is the virtual normal bundle of MTY,d →֒MY,d.
An equivariant version of Conjecture 1.2 can be proposed as follows:
Conjecture 0.10. (Conjecture 3.8) Let Y = TotP1
(
OP1(l1)⊕OP1(l2)
)
with l1 + l2 > −1. Then
GWtwist0,d (Y ) =
∑
k|d
1
k3
DTtwist3 (Y )(d/k).
Here GWtwist0,d (Y ) is the equivariant twisted GW invariant of Y and the multiple cover coeffi-
cient is 1/k3 instead of 1/k2 due to the absence of insertions.
Combining with [5, Thm. 4.12], we have:
Theorem 0.11. (Theorem 3.9) Definition 0.9 for Y = TotP1
(
OP1(l1) ⊕ OP1(l2)
)
recovers the
definition of equivariant DT4 invariants for X = KY in (4.9), (4.17) of [5], i.e. for d = 1, 2,
DTtwist3 (Y )(d) = DT4(X)(d [P
1]).
In particular, Conjecture 0.10 is true when (i) d = 1 and (ii) d = 2, |l1|, |l2| 6 10.
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1. Definitions and Conjectures
1.1. Review of GV/DT4 conjecture. Let X be a smooth projective Calabi-Yau 4-fold, i.e.
KX ∼= OX . Fixing β ∈ H2(X,Z) and n > 0, the genus 0 Gromov-Witten invariants of X are
defined using insertions: for integral classes γi ∈ Hmi(X,Z), 1 6 i 6 n, one defines
GW0,β(X)(γ1, . . . , γn) :=
∫
[M0,n(X,β)]vir
n∏
i=1
ev∗i (γi),
where evi : M0,n(X, β)→ X is the i-th evaluation map.
The Gopakumar-Vafa type invariants
n0,β(X)(γ1, . . . , γn) ∈ Q(1.1)
are defined by Klemm-Pandharipande [13] in terms of the identity
∑
β>0
GW0,β(X)(γ1, . . . , γn) q
β =
∑
β>0
n0,β(X)(γ1, . . . , γn)
∞∑
d=1
dn−3 qdβ ,
and conjectured to be integers.
In [5], Cao-Maulik-Toda gave a sheaf-theoretic interpretation of the above invariants (1.1) in
terms of Donaldson-Thomas invariants for CY 4-folds (called DT4 invariants). More specifically,
we consider the moduli schemeMX,β of 1-dimensional stable sheaves on X with Chern character
(0, 0, 0, β, 1). Let E → X ×MX,β be its universal sheaf and
(1.2) L := det(RHompiM (E , E)) ∈ Pic(MX,β), πM : X ×MX,β →MX,β ,
be the determinant line bundle, equipped with a symmetric pairing Q induced by Serre duality.
By the results of [3, 1], if the structure group of the line bundle (L, Q) can be reduced from
O(1,C) to SO(1,C) = {1} (this is always true by [2]), there exists a DT4 virtual class
[MX,β ]
vir ∈ H2(MX,β ,Z),(1.3)
which depends on the choice of an orientation, i.e. the reduction of the structure group of (L, Q).
The choices form a torsor for H0(MX,β ,Z2).
In order to define counting invariants, we require insertions. Define the map τ by
τ : Hm(X)→ Hm−2(MX,β), τ(γ) = πM∗(π
∗
Xγ ∪ ch3(E)),
where πX , πM are projections fromX×MX,β to corresponding factors, and ch3(E) is the Poincare´
dual of the fundamental cycle of the universal sheaf E .
For γi ∈ Hmi(X,Z), 1 6 i 6 n, the DT4 invariant is defined by
DT4(X)(β | γ1, . . . , γn) :=
∫
[MX,β ]vir
n∏
i=1
τ(γi).
Conjecture 1.1. ([5, Conjecture 1.3]) The identity
n0,β(X)(γ1, . . . , γn) = DT4(X)(β | γ1, . . . , γn)
holds for a suitable choice of orientation in defining the RHS.
In particular, we have the multiple cover formula
GW0,β(X)(γ) =
∑
k|β
1
k2
·DT4(X)(β/k | γ).
1.2. The conjecture on Fano 3-folds. When X = KY is the total space of the canonical
bundle of a smooth Fano 3-fold Y . Conjeture 1.1 can be completely rephrased on Y as follows.
Twisted GW invariants. Fixing β ∈ H2(Y,Z) and n > 0, the twisted genus 0 Gromov-Witten
invariants of Y are defined using insertions: for integral classes γi ∈ H
mi(Y,Z), 1 6 i 6 n, and
the rank
( ∫
β
c1(Y )− 1
)
vector bundle
(1.4) −Rπ∗f
∗KY ∈ K(M0,n(Y, β)),
where π : C →M0,n(X, β) is the universal curve and f : C → Y is the universal map, one defines
(1.5) GWtwist0,β (Y )(γ1, . . . , γn) :=
∫
[M0,n(Y,β)]vir
e(−Rπ∗f
∗KY ) ∪
n∏
i=1
ev∗i (γi) ∈ Q,
where evi : M0,n(Y, β)→ Y is the i-th evaluation map.
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Twisted DT3 invariants. Let MY,β be the moduli scheme of one dimensional stable sheaves
E’s with [E] = β, χ(E) = 1
(
i.e. ch(E) = (0, 0, β, 1− c1(Y )·β2 )
)
. We define the map τ by
τ : Hm(Y )→ Hm−2(MY,β), τ(γ) = πM∗(π
∗
Y γ ∪ ch2(E)),
where πY , πM are projections from Y ×MY,β to corresponding factors, and ch2(E) is the Poincare´
dual of the fundamental cycle of the universal sheaf E .
For γi ∈ Hmi(Y,Z), 1 6 i 6 n, the twisted DT3 invariant is
(1.6) DTtwist3 (Y )(β | γ1, . . . , γn) := (−1)
c1(Y )·β−1 ·
∫
[MY,β ]vir
n∏
i=1
τ(γi) ∈ Z,
where [MY,β]
vir ∈ H2(MY,β,Z) is the DT3 virtual class [15].
When restricting to local CY 4-fold KY , we conjecture that the ambiguity in choosing the
right orientation in Conjecture 1.1 can be fixed by introducing twisted DT3 invariants.
Conjecture 1.2. Let Y be a smooth Fano 3-fold. Then we have
GWtwist0,β (Y )(γ1, . . . , γn) =
∑
k|β
1
k3−n
·DTtwist3 (Y )(β/k | γ1, . . . , γn).
Remark 1.3. Note that (1.5) and (1.6) vanish unless
n∑
i=1
(mi − 2) = 2.
If mn = 2, we have
GWtwist0,β (Y )(γ1, . . . , γn) = (β · γn) ·GW
twist
0,β (Y )(γ1, . . . , γn−1),
DTtwist3 (Y )(β | γ1, . . . , γn) = (β · γn) ·DT
twist
3 (Y )(β | γ1, . . . , γn−1).
Therefore we may assume that mi > 3 for all i in Conjecture 1.2. There are two possibilities
• n = 1 and m1 = 4,
• n = 2 and m1 = m2 = 3.
In particular, when H3(Y,Z) = 0, we only need to consider the first case.
1.3. Geometric explanation of the conjecture. Conjecture 1.2 on a Fano 3-fold Y can be
formulated in terms of Conjecture 1.1 on a non-compact CY 4-fold X = KY .
More specifically, by a stability argument (e.g. [3]), one dimensional stable sheaves on X are
scheme theoretically supported on the zero section ι : Y → X , so a moduli scheme MX,β of
one dimensional stable sheaves on X is isomorphic to a moduli scheme MY,β of one dimensional
stable sheaves on Y via the push-forward by ι. Under this identification, the DT4 virtual class
of MX,β can be identified with the DT3 virtual class of MY,β.
As for GW theory, the moduli stack of stable maps to X is the moduli stack of stable maps
to the compact divisor Y ⊆ X , but the obstruction theories are different, and the difference is
measured by the Euler class of the vector bundle (1.4). Hence Conjecture 1.2 can be regarded
as a specialization of Conjecture 1.1 on the (non-compact) CY 4-fold X = KY , and a geometric
explanation of the conjecture follows from the one given in [5, Sect. 1.4] modulo the issue of
choosing an orientation.
When we restrict to X = KY , we expect to be able to fix the ambiguity of choosing an
orientation by the following reason, where we only consider rational curves and ignore curves of
higher genus.
Let Y be a ‘good’ Fano 3-fold, in the following sense:
(1) any rational curve in Y comes with a compact smooth family of embedded rational
curves, whose general member is smooth with normal bundle OP1(a, b) specified as fol-
lows;
(2) when c1(Y ) · β is even, then a = b =
1
2c1(Y ) · β − 1;
(3) when c1(Y ) · β is odd, then a =
1
2
(
c1(Y ) · β − 1
)
, b = 12
(
c1(Y ) · β − 3
)
.
Let C be a rational curve in Y with [C] = β ∈ H2(Y,Z), and {Ct}t∈T be the smooth family
C sits in. Any one-dimensional stable sheaf [E] ∈ MY,β supported on {Ct}t∈T is OCt for some
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t ∈ T . For a general t ∈ T such that NCt/Y
∼= OP1(a, b), there exist isomorphisms
Ext1Y (E,E)
∼= H0(Ct, NCt/Y )
∼= Cc1(Y )·β,
Ext2Y (E,E)
∼= H0(Ct,∧
2NCt/Y )
∼= Cc1(Y )·β−1.
So the obstruction sheaf (Ext2Y (E,E)’s) ofMY,β extends to a vector bundle (H
0(Ct,∧2NCt/Y )’s)
over the family T whose Euler class gives [MY,β]
vir. The insertion τ(γ) imposes a codimension
one constrain on the deformation space of curves in Y , whose integration against the virtual
class gives the DT3 invariant.
As for a stable map f : P1 → Y , we may view it as a composition of a multiple cover
t : P1 → P1 and an embedding i : P1 →֒ Y with some Ct as image. The usual obstruction space
vanishes by our generic assumption. But to define twisted GW invariants (1.5), we need an extra
‘obstruction bundle’ whose fiber over such f is H1(P1, f∗KY ). For an embedding f with image
Ct, we have canonical isomorphisms
H1(P1, f∗KY ) ∼= H
1(Ct,∧
2N∗Ct/Y ⊗KCt)
∼= H0(Ct,∧
2NCt/Y )
∗ ∼= Ext2Y (E,E)
∗.
So modulo the multiple cover factor, we can see the obstruction bundle for MY,β is dual to the
extra obstruction bundle (with rank (c1(Y ) · β − 1)) for defining twisted GW invariants. Thus,
GWtwist0,β (Y )(γ) =
∑
k|β
(−1)c1(Y )·
β
k−1
k2
·
∫
[MY,β/k]vir
τ(γ),
where signs appear since the Euler class of the dual bundle of a bundle E differs with e(E)
by a sign (−1)rkE . Conjecture 1.2 in this case then follows from the definition of twisted DT3
invariants (1.6). Of course, this only gives a geometric explanation (in the ‘good’ Fano 3-fold
case) rather than a rigorous proof. We will check the conjecture in examples in the coming
sections.
2. Compact examples
2.1. Line classes on Fano hypersurfaces. We verify Conjecture 1.2 for line classes on Fano
hypersurfaces in P4.
Proposition 2.1. Let Yd ⊆ P4 be a smooth hypersurface of degree d 6 4. Then Conjecture 1.2
is true for the line class β = [l] ∈ H2(Yd,Z).
Proof. From the deformation invariance of DT3 and GW invariants, we may assume Yd to be a
general hypersurface. By [14, Thm. 4.3, pp. 266], the Hilbert scheme Hilbt+1(Yd) of lines on Yd
is connected and smooth of dimension (5− d). For any line l ⊆ Yd, we have
Nl/Yd
∼= OP1(a1)⊕OP1(a2).
By [14, Ex. 4.4, 4.5, pp. 269], we know (2− d) 6 ai 6 1 and ai = 0 or −1 if d = 4. Hence
Nl/Yd
∼= O
⊕(d−1)
P1
⊕OP1(1)
⊕(3−d), if d = 1, 2,
Nl/Yd
∼= OP1(−1)⊕OP1(1) or Nl/Yd
∼= OP1 ⊕OP1 , if d = 3,
Nl/Yd
∼= OP1 ⊕OP1(−1), if d = 4.
Any one dimensional stable sheaf supported on a line is its structure sheaf and the moduli space
Ml of such one dimensional sheaves is isomorphic to the Hilbert scheme Hilb
t+1(Yd).
By the possibility of the normal bundle of l ⊆ Yd, the deformation and obstruction spaces of
Ml satisfies
Ext1(Ol,Ol) ∼= H
0(l, Nl/Yd)
∼= C5−d,
(2.1) Ext2(Ol,Ol) ∼= H
0(l,∧2Nl/Yd)
∼= H1(l,KYd |l)
∗ ∼= C4−d,
so its virtual class is the Euler class of the obstruction bundle.
The deformation and obstruction spaces of M0,0(Yd, [l]) satisfies
H0(l, Nl/Yd)
∼= C5−d, H1(l, Nl/Yd) = 0.
So the virtual class is its usual fundamental class.
To relate them, note that we have an isomorphism
M0,0(Yd, [l])→Ml,
(f : C → Yd) 7→ Of(C),
a forgetful map
φ :M0,1(Yd, [l])→M0,0(Yd, [l]) ∼=Ml,
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φ : (f : C → Yd, p ∈ C) 7→ (f : C → Yd) 7→ Of(C),
and an embedding
i = (φ, ev) :M0,1(Yd, [l]) →֒Ml × Yd,
i(f : C → Yd, p ∈ C) = (Of(C), f(P )),
whose image is the universal curve C ⊆Ml × Yd, where we use identification Ml ∼= Hilb
t+1(Yd).
Since C and Ml × Yd are smooth,
(RπM )∗RHom(OC ,OC) ∼= (RπM )∗ i∗
( ∗∧
NC/(Ml×Yd)
)
,
where πM :Ml × Yd →Ml is the natural projection.
By (2.1), the obstruction bundle ObMl of Ml is
(πM )∗ i∗
( 2∧
NC/(Ml×Yd)
)
∼= (πM )∗
(
i∗(KC)⊗K
−1
Ml×Yd
)
,
by the tangent-normal bundle exact sequence and the projection formula.
We claim there is an isomorphism of vector bundles:
(R1φ∗ev
∗KYd)
∗ ∼= (πM )∗
(
i∗(KM0,1(Yd,[l]))⊗K
−1
Ml×Yd
)
.
In fact, by the Grothendieck-Verdier duality (ref. [10, Thm. 3.34, pp. 86]), we have
RHom(Rφ∗ ev
∗KYd ,OMl)
∼= RHom
(
R(πM )∗i∗i
∗π∗YKYd ,OMl
)
∼= RHom
(
R(πM )∗
(
π∗YKYd ⊗OC
)
,OMl
)
∼= R(πM )∗RHom
(
π∗YKYd ⊗OC , π
∗
YKYd [3]
)
∼= R(πM )∗RHom
(
OC ,OMl×Yd
)
[3]
∼= R(πM )∗
(
i∗KM0,1(Yd,[l]) ⊗K
−1
Ml×Yd
)
[1],
where the last isomorphism is by (ref. [10, Cor. 3.40, pp. 89]) and πY : Ml × Yd → Yd denotes
the natural projection. Thus, we have an isomorphism
(2.2) ObMl
∼=
(
R1φ∗ ev
∗KYd
)∗
of rank (4− d) vector bundles. As in [6, pp. 182], we have a commutative diagram
M0,2(Yd, [l])
ev2
&&
pi2

φ2
//M0,1(Yd, [l])
pi1

ev1
// Yd
M0,1(Yd, [l])
φ1
//M0,0(Yd, [l]),
where φi forgets the first marked point and πi forgets the last marked point. Then base change
gives an isomorphism
(2.3) (π2)∗ ev
∗
2KYd
∼= φ∗1 (π1)∗ ev
∗
1KYd .
By the definition, for γ ∈ H4(Yd), we have
DTtwist3 (Yd)(l | γ) = (−1)
4−d ·
∫
[Ml]vir
(πM )∗
(
PD[C] ∪ π∗Y γ
)
= (−1)4−d ·
∫
[Ml×Yd]
PD[C] ∪ π∗Y γ ∪ π
∗
Me(ObMl)
= (−1)4−d ·
∫
[M0,1(Yd,[l])]
i∗
(
π∗Y γ ∪ π
∗
Me(ObMl)
)
= (−1)4−d ·
∫
[M0,1(Yd,[l])]
ev∗γ ∪ e(φ∗ObMl)
=
∫
[M0,1(Yd,[l])]
ev∗γ ∪ e(φ∗R1φ∗ ev
∗KYd)
=
∫
[M0,1(Yd,[l])]
ev∗γ ∪ e
(
R1(π2)∗ ev
∗
2KYd
)
= GWtwist0,l (Yd)(γ),
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where the second and third to last equality is by (2.2), (2.3).
As for insertions γ1, γ2 ∈ H3(Y,Z), we consider the case when d = 4 for simplicity (in this
case, the obstruction bundle of Ml is zero), other cases can be proved in a similar way.
Let Y = Y4, by considering the commutative diagram of embeddings
M0,2(Y, [l])
i2=(φ2, ev2)

i1=(φ1, ev1)
//
i
))❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
M0,1(Y, [l])× Y
i4: (f, y) 7→
(
φ(f), y, ev(f)
)

M0,1(Y, [l])× Y
i3=(φ, ev)×IdY
//M0,0(Y, [l])× Y × Y,
where φi forgets the i-th marked point and evi is the i-th evaluation map, we get
ev∗1γ1 ∪ ev
∗
2γ2 = i
∗(1 ∪ γ1 ∪ γ2).
GWtwist0,l (Y )(γ1, γ2) =
∫
[M0,2(Y,[l])]
ev∗1γ1 ∪ ev
∗
1γ2
=
∫
[M0,2(Y,[l])]
i∗(1 ∪ γ1 ∪ γ2)
=
∫
[M0,0(Y,[l])×Y×Y ]
(1 ∪ γ1 ∪ γ2) ∪ PD
(
[i(M0,2(Y, [l]))]
)
=
∫
[M0,0(Y,[l])×Y×Y ]
(1 ∪ γ1 ∪ γ2) ∪ PD
(
[i3
(
M0,1(Y, [l])× Y
)
]
)
∪PD
(
[i4
(
M0,1(Y, [l])× Y
)
]
)
=
∫
[M0,0(Y,[l])]
(πM )∗
(
PD[C] ∪ π∗Y γ1
)
∪ (πM )∗
(
PD[C] ∪ π∗Y γ2
)
= DTtwist3 (Y )(β | γ1, γ2),
where we use i
(
M0,2(Y, [l])
)
= i3
(
M0,1(Y, [l])× Y
)
∩ i4
(
M0,1(Y, [l])× Y
)
. 
Remark 2.2. If Y is a smooth intersection of Gr(2, 5), a quadric and a P7 in P9, then Y is
a Fano 3-fold. For general choice of Y , the Hilbert scheme of lines on it is a connected smooth
projective curve (ref. [7, Prop. 5.1]). One can easily check Proposition 2.1 also holds for Y .
2.2. Multiple fiber classes for P1-bundles.
Proposition 2.3. Let S be a del-Pezzo surface and Y = S×P1 be the product. Then Conjecture
1.2 is true for β = n · [P1] with n > 1.
Proof. By a stability argument [5, Lemma 2.2], any one dimensional stable sheaf E ∈ MY,β is
scheme theoretically supported on ι : P1 × {p} →֒ Y for some p ∈ S, hence E = ι∗OP1 by the
classification of stable vector bundle on P1. So we have
MY,β ∼= S, if n = 1; MY,β = ∅, if n > 1.
We fix n = 1. Direct calculations give isomorphisms
Ext1(ι∗OP1 , ι∗OP1) ∼= H
0(P1,O⊕2
P1
) ∼= C2,
Ext2(ι∗OP1 , ι∗OP1) ∼= H
0(P1,OP1) ∼= C.
So local Kuranishi maps of MY,β are zero and its virtual class is the Euler class of the corre-
sponding obstruction bundle, which can be determined as follows.
Let ∆S×S →֒ S × S be the diagonal and denote the closed subscheme
i : Z := ∆S×S × P
1 →֒ S × S × P1 ∼=MY,β × Y,
in the product MY,β × Y . Then the universal sheaf of MY,β is the structure sheaf OZ which
satisfies
RHom(OZ ,OZ) ∼= i∗
( ∗∧
π∗TS
)
,
where π : S × P1 → S is the projection and we identify ∆S×S ∼= S. Under the isomorphism
MY,β ∼= S, the obstruction bundle Ob of MY,β satisfies
Ob ∼=
2∧
TS.
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As for insertions, by Remark 1.3, we only need to consider
γ ∈ H4(Y,Z) ∼= H4(S,Z)⊕H2(P1,Z)⊗H2(S,Z),
since H3(Y,Z) = 0. Then
τ(γ) = πM∗(π
∗
Y γ ∪ [Z]) = 0, if γ ∈ H
4(S,Z),
τ(γ) = d1 · γ2, if γ = d1 ⊗ γ2 ∈ H
2(P1,Z)⊗H2(S,Z),
where πM , πY are projections from MY,β × Y to corresponding factors. Hence
DTtwist3 (Y )(β | γ) = 0, if γ ∈ H
4(S,Z),
DTtwist3 (Y )(β | d1 ⊗ γ2) = d1
∫
S
e
( 2∧
TS
)
∪ γ2, if γ2 ∈ H
2(S,Z).
As for GW invariants, let β = n · [P1], we have
M0,1(Y, β) ∼=M0,1(P
1, n)× S.
Given a map t : P1 → Y = P1 × S with t∗[P1] = n [P1], we have
H∗(P1, t∗TY ) ∼= H∗(P1, t∗TP1)⊕H∗(P1, c∗TS),
H∗(P1, t∗KY ) ∼= H
∗(P1, t∗KP1 ⊗ c
∗KS),
where c is a constant map to some point of S. Hence
[M0,1(Y, β)]
vir = [M0,1(P
1, n)]vir ⊗ [S] ∈ A2n+1(M0,1(Y, β)),
and for the universal curve π : C →M0,1(Y, β) and map f : C → Y ,
e(−Rπ∗f
∗KY ) = c2n−1(−Rπ∗f
∗KY )
= c2n−2(−Rπ∗f
∗KP1) ∪ e(KS) + c2n−1(−Rπ∗f
∗KP1)
= c2n−2(−Rπ∗f
∗KP1) ∪ e(KS),
where c2n−1(−Rπ∗f∗KP1) is the Euler class of the obstruction bundle for stable maps to KP1 ,
which is zero as KP1 is holomorphic symplectic. In fact, one can easily construct a surjective
cosection
σ : −Rπ∗f
∗KP1 → OM0,1(Y,β).
And c2n−2(−Rπ∗f∗KP1) = e(Ker(σ)) is the Euler class of the reduced obstruction bundle [12].
So for d1 ⊗ γ2 ∈ H2(P1,Z)⊗H2(S,Z), we have
GWtwist0,β (Y )(d1 ⊗ γ2) = d1
∫
[M0,1(P1,n)]vir
c2n−2(−Rπ∗f
∗KP1) ∪ ev
∗([pt]) ·
∫
S
c1(KS) ∪ γ2
= d1
∫
[M0,1(KP1 ,n)]
vir
red
ev∗([pt]) ·
∫
S
c1(KS) ∪ γ2
= d1 · n · deg
(
[M0,0(KP1 , n)]
vir
red
)
·
∫
S
c1(KS) ∪ γ2
= d1 ·
1
n2
·
∫
S
c1(KS) ∪ γ2
= − d1 ·
1
n2
·
∫
S
e
( 2∧
TS
)
∪ γ2.
As for γ ∈ H4(S,Z), we obviously have vanishing GWtwist0,β (Y )(γ) = 0. Thus
GWtwist0,n[P1](Y )(γ) = (1/n
2) ·DTtwist3 (Y )([P
1] | γ)
holds for any n > 1 and γ ∈ H4(Y,Z) as (c1(Y ) · β − 1) = 2n+ 1 is always odd. 
Remark 2.4. We can also consider a P1-bundle π : Y → S over a del-Pezzo surface S with a
section. For multiple fiber classes, similar result as Proposition 2.3 holds in this setting.
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2.3. Product of del-Pezzo surface with P1. We consider Y = S×P1 for a del-Pezzo surface
S with β ∈ H2(S,Z) ⊆ H2(Y,Z).
Proposition 2.5. Let S be a del-Pezzo surface and Y = S × P1 be the product. For β ∈
H2(S,Z) ⊆ H2(Y,Z), we have:
(1) If γ = (γ1, d) ∈ H2(S)⊗H2(P1) ⊆ H4(Y ), then
DTtwist3 (Y )(β | γ) = d (β · γ1) ·DT3(KS)(β),
GWtwist0,β (Y )(γ) = d (β · γ1) ·GW0,β(KS).
(2) If γ ∈ H4(S) ⊆ H4(Y ), then
DTtwist3 (Y )(β | γ) = GW
twist
0,β (Y )(γ) = 0.
Proof. Similar to Proposition 2.3, any E ∈MY,β is of type E = (ιp)∗F for some one dimensional
stable sheaf F on S, where ιp : S = S × {p} → Y is the natural inclusion. Then we have an
isomorphism
MY,β ∼=MS,β × P
1,
where MS,β is the moduli space of one dimensional stable sheaves F ’s on S with [F ] = β and
χ(F ) = 1. For E = (ιp)∗F , we have isomorphisms
Ext1Y (E,E)
∼= Ext1S(F, F ) ⊕ C,
Ext2Y (E,E)
∼= Ext1S(F, F ),
as Ext2S(F, F )
∼= HomS(F, F ⊗KS)∗ = 0 by the stability of F . Then
[MY,β]
vir = χ(MS,β) · [P
1] ∈ H2(MY,β,Z).
The universal sheaf EMY over MY,β × Y can be identified with
EMY ∼= EMS ⊠O∆P1 ∈ Coh(MS × S × P
1 × P1),
where EMS is the universal sheaf over MS,β × S.
Then for γ ∈ H4(S) ⊆ H4(Y ), we have
DTtwist3 (Y )(β | γ) = 0,
and for γ = (γ1, d) ∈ H2(S)⊗H2(P1) ⊆ H4(Y ), we have
DTtwist3 (Y )(β | γ) = (−1)
c1(S)·β−1 ·
∫
[MY,β ]vir
τ(γ)
= (−1)c1(S)·β−1d · χ(MS,β) · (πMS )∗([EMS ] ∪ π
∗
Sγ1)
= (−1)c1(S)·β−1(β · γ1) · d · χ(MS,β),
where πS , πMS are projections from MS,β × S to corresponding factors.
Meanwhile, the DT3 invariant for the moduli space MKS,β of one dimensional stable sheaves
E’s on KS with [E] = β and χ(E) = 1 satisfies
DT3(KS)(β) = (−1)
(1+β2) · χ(MS,β),
where (1 + β2) is the dimension of the smooth moduli space MS,β (see e.g. [5, Lemma 3.6]).
We claim the parity of β2 and c1(S) · β are the same, i.e.
(2.4) (−1)(1+β
2) = (−1)(c1(S)·β−1).
In fact, we may assume S to be a general del-Pezzo surface and given by the blow-up of r general
points in P2 (the case of P1 × P1 is trivial). Let H be the pull-back of the hyperplane class and
{Ei}ri=1 are exceptional divisors. Then
c1(S) = 3H −
r∑
i=1
Ei, β := dH +
r∑
i=1
diEi, for some d, di ∈ Z,
c1(S) · β = 3d+
r∑
i=1
di, β
2 = d2 −
r∑
i=1
di.
Hence for γ = (γ1, d),
DTtwist3 (Y )(β | γ) = (β · γ1) · d ·DT3(KS)(β).
As for the corresponding GW theory, there is an isomorphism
M0,n(Y, β) ∼=M0,n(S, β)× P
1, n > 0.
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And for t : P1 → Y = S × P1, there are isomorphisms
H∗(P1, t∗TY ) ∼= H∗(P1, t∗TS)⊕H∗(P1, c∗TP1),
H∗(P1, t∗KY ) ∼= H
∗(P1, t∗KS ⊗ c
∗KP1),
where c is a constant map to some point of P1.
The virtual class and the extra obstruction bundle satisfies
[M0,1(Y, β)]
vir = [M0,1(S, β)]
vir ⊗ [P1].
For the universal curve π : C →M0,1(Y, β) and map f : C → Y , by (2.3), we have
Rπ∗f
∗KY ∼= φ
∗Rφ∗ ev
∗KY ,
where φ :M0,1(Y, β)→M0,0(Y, β) is the forgetful map and ev :M0,1(Y, β)→ Y is the evaluation
map. Notice that
φ = (φS , id) :M0,1(S, β)× P
1 →M0,0(S, β)× P
1,
ev = (evS, id) :M0,1(S, β)× P
1 → S × P1.
Hence
GWtwist0,β (Y )(γ) =
∫
[M0,1(Y,β)]vir
e(−Rπ∗f
∗KY ) ∪ ev
∗(γ)
=
∫
[M0,1(Y,β)]vir
φ∗e(R1φ∗ ev
∗KY ) ∪ ev
∗(γ)
=
∫
[M0,1(S,β)]vir⊗[P1]
e
(
φ∗S(R
1(φS)∗ evS
∗KS)⊠KP1
)
∪ ev∗(γ).
If γ ∈ H4(S) ⊆ H4(Y ), the above integration is zero by degree reason.
If γ = (γ1, d) ∈ H2(S)⊗H2(P1) ⊆ H4(Y ), we have
GWtwist0,β (Y )(γ) =
∫
[M0,1(S,β)]vir⊗[P1]
e
(
φ∗S(R
1(φS)∗ evS
∗KS)⊠KP1
)
∪ ev∗(γ)
=
∫
[M0,1(S,β)]vir
e
(
φ∗S(R
1(φS)∗ evS
∗KS)
)
∪ evS
∗(γ1) ·
∫
P1
d [pt]
= d (β · γ1)
∫
[M0,0(S,β)]vir
e
(
R1(φS)∗ evS
∗KS
)
= d (β · γ1) ·GW0,β(KS),
where we use the divisor equation of GW invariants in the second to last equality. 
Thus twisted GW/DT3 invariants of S×P1 reduce to GW/DT3 invariants of (non-compact)
Calabi-Yau 3-fold KS . We recall the following Katz’s conjecture on Calabi-Yau 3-folds.
Conjecture 2.6. (Katz [11]) Let Y be a (compact) Calabi-Yau 3-fold and β ∈ H2(Y,Z). Then
GW0,β(Y ) =
∑
k|β
1
k3
DT3(Y )(β/k).
Although KS is non-compact, the moduli spaces used to define GW/DT3 invariants are
compact, so Katz’s conjecture still makes sense on KS. By Proposition 2.5, it is easy to show:
Corollary 2.7. In the setting of Proposition 2.5, Conjecture 1.2 is true for Y = S × P1 with
β ∈ H2(S,Z) ⊆ H2(Y,Z) if and only if Katz’s conjecture holds for KS with β ∈ H2(S,Z).
Combining with the previous checks of Katz’s conjecture, we obtain:
Theorem 2.8. Let S be a toric del-Pezzo surface and Y = S × P1 be the product. Then
Conjecture 1.2 is true for β ∈ H2(S,Z) ⊆ H2(Y,Z).
Proof. By Corollary 2.7, we are reduced to prove the Katz’s conjecture for KS . This is done by
combining DT/PT/GW correspondence and geometric vanishing in [5, Corollary A.7.]. 
Remark 2.9. When Y = OP1(−1) × P
1, Conjecture 1.2 is true and can be reduced to the
Aspinwall-Morrison multiple cover formula
GW0,d(X) =
∑
d|n
1
d3
,
DT3(X)(d) = 1, if d = 1 ; DT3(X)(d) = 0, if d > 1,
for X = OP1(−1,−1).
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3. Non-compact examples
3.1. Local surfaces. Let (S,OS(1)) be a smooth projective surface and
π : Y = TotS(L)→ S(3.1)
be the total space of a line bundle L on S. When L⊗K−1S is ample, Y is a non-compact Fano
3-fold. We take a curve class
β ∈ H2(Y,Z) ∼= H2(S,Z),
and consider the moduli scheme MY,β (resp. MS,β) of one dimensional stable sheaves F on Y
(resp. on S) with [F ] = β and χ(F ) = 1. Note that MS,β is compact while MY,β may not be
compact. On the other hand, for the zero section ι : S →֒ Y of the projection (3.1), we have the
push-forward embedding
ι∗ : MS,β →֒MY,β.(3.2)
In the following setting, the morphism (3.2) is an isomorphism and MY,β has a well-defined
virtual class.
Lemma 3.1. ([5, Proposition 3.1]) If S is a del-Pezzo surface and L−1 is ample, then (3.2) is
an isomorphism, under which we have
[MY,β]
vir = [MS,β] · e
(
Ext1piMS
(F,F⊠ L)
)
,
where F ∈ Coh(S ×MS,β) is the universal sheaf and πMS : S ×MS,β →MS,β is the projection.
Proof. From the proof of [5, Proposition 3.1], for any F ∈MY,β, there exists E ∈MS,β such that
F = ι∗(E). To compare the deformation-obstruction theory, we have canonical isomorphisms
Ext1Y (ι∗E , ι∗E) ∼= Ext
1
S(E , E),
Ext2Y (ι∗E , ι∗E) ∼= Ext
1
S(E , E ⊗ L),
where Ext2S(E , E)
∼= Ext0S(E , E ⊗KS)
∗ = 0 and Ext0S(E , E ⊗ L) = 0 by the stability of E . 
Note that twisted DT3 invariants of Y = TotS(L) are invariant under the transformation
L 7→ L−1 ⊗KS.
Proposition 3.2. Let S be a del-Pezzo surface and Y1 = TotS(L), Y2 = TotS(L
−1⊗KS) be the
total space of ample line bundles L−1, L⊗K−1S respectively on S. Then
[MY1,β ]
vir = (−1)β
2
· [MY2,β ]
vir ∈ H2(MS,β,Z).
In particular, we have
DTtwist3 (Y1)(β | [pt]) = DT
twist
3 (Y2)(β | [pt]).
Proof. By Lemma 3.1, we are left to determine the relation between e
(
Ext1piMS
(F,F ⊠ L)
)
and
e
(
Ext1piMS (F,F⊠ L
−1 ⊗KS)
)
. By the Grothendieck-Verdier duality,
Ext1piMS (F,F⊠ L)
∼= Ext1piMS (F,F⊠ L
−1 ⊗KS)
∗.
Hence,
e
(
Ext1piMS
(F,F⊠ L)
)
= (−1)ext
1(F,F⊗L)e
(
Ext1piMS
(F,F⊠ L−1 ⊗KS)
)
,
where ext1(F, F ⊗ L) = β2 can be computed by the Riemann-Roch formula. Then
(−1)c1(Y1)·β−1 = (−1)(c1(S)+c1(L))·β−1
= (−1)c1(L)·β+β
2−1
= (−1)c1(Y2)·β−1 · (−1)β
2
,
where we use (2.4) in the second equality. 
One can easily check that twisted GW invariants of Y1 and Y2 are also the same. Hence
Corollary 3.3. Let S be a del-Pezzo surface and Y1 = TotS(L), Y2 = TotS(L
−1 ⊗KS) be the
total space of ample line bundles L−1, L⊗K−1S respectively on S. Then Conjecture 1.2 is true
for Y1 if and only if it is true for Y2.
Combining with [5, Sect. 3.2], we then verify our conjecture for the following:
Proposition 3.4. Let Y = OP2(−1) or OP2(−2) and β = d[l] ∈ H2(P
2,Z) be the degree d class.
Then Conjecture 1.2 is true when d 6 3.
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3.2. Local curves. In [5, Section 4], we study local curves of form
X = TotP1
(
OP1(l1)⊕OP1(l2)⊕OP1(l3)
)
→ P1,
where l1 + l2 + l3 = −2 so that it is a non-compact CY 4-fold. Without loss of generality, we
may assume l1 > l2 > l3, so l3 < 0. We can regard X as the total space of canonical bundle of
(3.3) Y = TotP1
(
OP1(l1)⊕OP1(l2)
)
with l1 + l2 > −1.
In this section, we study an equivariant version of Conjecture 1.2 for non-compact Fano 3-fold
Y as [5, Conjecture 4.10] for non-compact CY 4-fold X .
3.2.1. Equivariant GW invariants. As a toric variety, Y contains a torus (C∗)3 and has two
invariant affine open subsets with transition map
(z0, z1, z2) 7→ (z
−1
0 , z
−l1
0 z1, z
−l2
0 z2).
The action of (C∗)3 is given by
t · (z0, z1, z2) 7→ (t0z0, t1z1, t2z2).
Let • denote SpecC with trivial (C∗)3-action. Let C ⊗ ti be the one dimensional vector space
with (C∗)3-action with weight ti, and λi ∈ H∗(C∗)3(•) its 1st Chern class.
Let T := {(t1, t2) | (t0, t1, t2) ∈ (C∗)3} be the two dimensional subtorus which acts trivially
on the base of Y . Note that
H∗(C∗)3(•) = C[λ0, λ1, λ2], H
∗
T (•) = C[λ1, λ2].
Let j : P1 →֒ Y be the zero section. Note that we have H2(Y,Z) = Z[P1], where [P1] is the
fundamental class of j(P1). For d ∈ Z>0, we consider the diagram
C
f
//
p

P1
M0,0(P
1, d),
where C is the universal curve and f is the universal stable map.
The T -equivariant twisted GW invariant of Y is defined by
GWtwist0,d (Y ) :=
∫
[M0,0(P1,d)]
eT
(
−Rp∗f
∗N
)
∈ Q(λ1, λ2),
where
(3.4) N :=
(
OP1(l1)⊗ t1
)
⊕
(
OP1(l2)⊗ t2
)
⊕
(
OP1(−2− l1 − l2)⊗ t
−1
1 t
−1
2
)
is the T -equivariant normal bundle of j(P1) ⊂ X .
Remark 3.5. One can furthermore use the C∗-action on the base P1 to do calculations.
For example in the d = 1 case, M0,0(P
1, 1) is one point and
GWtwist0,1 (Y ) = λ
−l1−1
1 λ
−l2−1
2 (−λ1 − λ2)
l1+l2+1.(3.5)
The d = 2 case is more complicated and can be computed by Kontsevich’s localization method
GWtwist0,2 (Y ) =
1
8
λ−2l1−11 λ
−2l2−1
2 (−λ1 − λ2)
−2l3−1
{
(l
2
1 − (l1 − 1)
2 + · · · )λ−21 +(3.6)
(l
2
2 − (l2 − 1)
2 + · · · )λ−22 + (l
2
3 − (l3 − 1)
2 + · · · )(λ1 + λ2)
−2
+ l1l2λ
−1
1 λ
−1
2 + l2l3λ
−1
2 (−λ1 − λ2)
−1 + l1l3λ
−1
1 (−λ1 − λ2)
−1
}
,
where l3 := −l1− l2− 2 and we write l = l for l > 0 and l = −l− 1 for l < 0 (see e.g. [5, (4.6)]).
3.2.2. Equivariant DT3 invariants. Let MY,d (resp. MX,d) be the moduli scheme of one dimen-
sional stable sheaves F ’s on Y = TotP1
(
OP1(l1)⊕OP1(l2)
)
with l1+ l2 > −1 (resp. on X = KY )
such that [F ] = d [P1] ∈ Z[P1] and χ(F ) = 1. Note that MY,d is non-compact and the virtual
class is not well-defined, but the induced T -action on MY,d has compact fixed locus.
Lemma 3.6.
(1) The zero section ι : Y →֒ X induces an isomorphism
ι∗ :MY,d ∼=MX,d.
(2) The T -fixed locus MTY,d is compact.
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Proof. (1) We claim that any [F ] ∈ MX,d is scheme theoretically supported on Y . In fact, we
have an exact sequence
F ⊗ π∗OP1(2 + l1 + l2)→ F → F ⊗OY → 0,
where π : X → P1 is the projection. By the stability of F and 2 + l1 + l2 > 1, we know the first
map is zero. Hence F ∼= F ⊗OY and ι∗ :MY,d →MX,d is an isomorphism.
(2) Let Y := P
(
OP1(l1)⊕OP1(l2)⊕OP1
)
be the projectification of Y with an extended T -action
on the fiber. The inclusion i : Y → Y induces a map
i∗ :MY,d →MY ,d,
to the moduli scheme MY ,d of one dimensional stable sheaves on Y such that
MTY,d ⊆M
T
Y ,d
is a closed and open subset. Note that MY ,d is compact since Y is compact, then the T -fixed
locus MT
Y ,d
is also compact. 
Then we define equivariant twisted DT3 invariant of MY,d by virtual localization formula [9].
Definition 3.7. In the above setting, the equivariant twisted DT3 invariant of MY,d is
DTtwist3 (Y )(d) := (−1)
d(l1+l2)−1
∫
[MT
Y,d
]vir
eT (N
vir) ∈ Q(λ1, λ2),
where Nvir is the virtual normal bundle of MTY,d →֒MY,d.
For example in the d = 1 case, MTY,1 is one point and
DTtwist3 (Y )(1) = (−1)
l1+l2−1λ−l1−11 λ
−l2−1
2 (λ1 + λ2)
l1+l2+1,
which matches with GWtwist0,1 (Y ).
3.2.3. The equivariant conjecture. An equivariant version of Conjecture 1.2 for non-compact
Fano 3-fold Y = TotP1
(
OP1(l1)⊕OP1(l2)
)
can be stated in the following form, where the multiple
cover coefficient is 1/k3 instead of 1/k2 due to the absence of insertions.
Conjecture 3.8. Let Y = TotP1
(
OP1(l1)⊕OP1(l2)
)
with l1 + l2 > −1. Then we have
GWtwist0,d (Y ) =
∑
k|d
1
k3
DTtwist3 (Y )(d/k).
In [5, (4.9), (4.17)], equivariant DT4 invariants for X = KY are defined for degree one and
two classes by choosing suitable square root of the virtual normal bundle. Below we show
that Definition 3.7 recovers them and can be viewed as a general definition of equivariant DT4
invariants for all degree curves classes on such X .
Theorem 3.9. Definition 3.7 for Y = TotP1
(
OP1(l1)⊕OP1(l2)
)
recovers the definition of equi-
variant DT4 invariants for X = KY in (4.9), (4.17) of [5], i.e. for d = 1, 2,
DTtwist3 (Y )(d) = DT4(X)(d [P
1]).
In particular, Conjecture 3.8 is true when (i) d = 1 and (ii) d = 2, |l1|, |l2| 6 10.
Proof. When d = 1, it is already computed explicitly as above. When d = 2, say we take a T -
fixed OP1(l1)-thickened sheaf [F ] ∈M
T
Y,2, then F = F0 + F1 · t
−1
1 in the T -equivariant K-theory
of Y , with F0, F1 are line bundles on P
1 with weight 0, t−11 . Therefore,
χY (F, F ) = χY (j∗F0, j∗F0) + χY (j∗F0, j∗Fi)⊗ t
−1
i + χY (j∗Fi, j∗F0)⊗ ti + χY (j∗Fi, j∗Fi)
= 2
(
χ(OP1)− χ(NP1/Y ) + χ(∧
2NP1/Y )
)
+
(
χ(A)− χ(A⊗NP1/Y ) + χ(A⊗ ∧
2NP1/Y )
)
⊗ t−1i
+
(
χ(A−1)− χ(A−1 ⊗NP1/Y ) + χ(A
−1 ⊗ ∧2NP1/Y )
)
⊗ ti,
where NP1/Y = O(l1)⊗ t1 ⊕O(l2)⊗ t2 and A := Fi ⊗ F
∨
0 . The movable part is
χY (F, F )
mov = −2χ(O(l1))⊗ t1 − 2χ(O(l2))⊗ t2 + 2χ(O(l1 + l2))⊗ t1t2
+ χ(A)⊗ t−11 − χ(A⊗O(l2))⊗ t
−1
1 t2 + χ(A⊗O(l1 + l2))⊗ t2
+ χ(A−1)⊗ t1 − χ(A
−1 ⊗O(l1))⊗ t
2
1 − χ(A
−1 ⊗O(l2))⊗ t1t2
+ χ(A−1 ⊗O(l1 + l2))⊗ t
2
1t2.
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In [5, Sect. 4.4], we view F as a sheaf in X = KY by push-forward via zero section and a square
root of χX(F, F ) is chosen as follows
χX(F, F )
1/2 = 2χ(O)− χ(O(l1))⊗ t1 − χ(O(l2))⊗ t2 − χ(O(l3))⊗ t3
+ χ(O(l1 + l2))⊗ t1t2 + χ(O(l1 + l3))⊗ t1t3 + χ(O(l2 + l3))⊗ t2t3
+ χ(A)⊗ t−11 − χ(A⊗O(l1))− χ(A⊗O(l2))⊗ t
−1
1 t2 − χ(A⊗O(l3))⊗ t
−1
1 t3
+ χ(A⊗O(l1 + l2))⊗ t2 + χ(A⊗O(l1 + l3))⊗ t3 + χ(A⊗O(l2 + l3))⊗ t
−1
1 t2t3
− χ(A⊗O(−2))⊗ t−11 ,
where t3 := t
−1
1 t
−1
2 and l3 := −l1 − l2 − 2.
By Serre duality, terms in χX(F, F )
1/2,mov and χY (F, F )
mov are in 1-1 correspondence and
their equivariant Euler classes (after putting λ3 = −λ1−λ2 in χX(F, F )1/2,mov) differ by a sign.
In fact, the difference appears whenever we use Serre duality, for instance, Serre duality gives
χ(O(l3)) = −χ(O(l1 + l2)),
whose equivariant Euler class satisfies
eT
(
χ(O(l3))⊗ t3
)
= λl3+13 , eT
(
− χ(O(l1 + l2))⊗ t1t2
)
= (λ1 + λ2)
l3+1,
which differs by a sign (−1)l3+1 after taking λ3 = −λ1 − λ2.
The product of all sign differences is (−1)∆ with
∆ = χ(O(l3)) + χ(O(l1 + l3)) + χ(O(l2 + l3))
− χ(A⊗O(l3)) + χ(A⊗O(l1 + l3)) + χ(A⊗O(l2 + l3))− χ(A⊗O(−2))
= 2l3 + 2(l1 + l2 + l3) + 5.
So (−1)∆ = (−1) = (−1)2(l1+l2)+1, i.e. the sign in Definition 3.7.
Finally by [5, Thm. 4.12], we know Conjecture 3.8 is true for d = 1 and d = 2 when
|l1|, |l2| 6 10. 
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